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We study a two-Higgs-doublet model with four generalised CP symmetries in the scalar sector. 
Electroweak symmetry breaking leads automatically to spontaneous breaking of two of them. We 
require that these four CP symmetries can be extended from the scalar sector to the full Lagrangian 
and call this requirement the principle of maximal CP invariance. The Yukawa interactions of the 
fermions are severely restricted by this requirement. In particular, a single fermion family cannot 
be coupled to the Higgs fields. For two fermion families, however, this is possible. Enforcing the 
absence of flavour-changing neutral currents, we find degenerate masses in both families or one family 
massless and one massive. In the latter case the Lagrangian is highly symmetric, with the mass 
hierarchy being generated by electroweak symmetry breaking. Adding a third family uncoupled to 
the Higgs fields and thus keeping it massless we get a model which gives a rough approximation of 
some features of the fermions observed in Nature. We discuss a number of predictions of the model 
which may be checked in future experiments at the LHC. 



1. INTRODUCTION 

In the Standard Model of particle physics (SM) we 
have three famiUes of fermions, leptons and quarks, the 
electroweak gauge bosons 7, W^, Z, the gluon G as the 
strong interaction gauge boson and one scalar Higgs dou- 
blet field [J [1) [3 ■ ^'^^ introduction to the physics of 
the SM see for instance f3| . Our notations and kinematics 
conventions follow this reference. The SM gives, however, 
no explanation why there should be a replication of fam- 
ilies in Nature. Also, the fermion masses, arising from 
the Yukawa interactions of the fermions with the Higgs 
field, remain arbitrary. 

In this paper we present some considerations based on 
a two-Higgs-doublet model (THDM). We show that a cer- 
tain type of CP symmetry, which is possible for a THDM 
forbids a non-zero Yukawa coupling to one fermion fam- 
ily only. However, an invariant coupling to two fermion 
families can be constructed. Moreover, this new type of 
CP symmetry is automatically spontaneously broken by 
the electroweak symmetry breaking (EWSB). As we shall 
show, this also leads to interesting results for the masses 
in the two fermion families. In essence we find that in this 
type of theories absence of large flavour-changing neutral 
currents (FCNCs) can only be achieved if the correspond- 
ing fermions in the two families have equal masses or if 
one family is massive, one massless. 

Various aspects of two-Higgs-doublet models have been 
investigated in the literature; see for instance [E S S B 
i, [13, El, [11 m El, m and references therein. In our 
group we have made a systematic study of the stabil- 
ity and synimetry breaking in the most general THDM 
116 . In V, ^ we have made a systematic investigation of 
all possible types of generalised CP transformations for 
the two Higgs doublets. We have also given the criteria 
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for CP invariance of the two-Higgs-doublet potential and 
for spontaneous CP violation. In particular, we classi- 
fied the generalised CP transformations as type (i) and 
type (ii). The structure of the Higgs sector of theories 
with type (i) CP invariance was discussed. In the present 
work we continue the investigation of THDMs with type 
(i) CP invariance in view of the possibilities for invariant 
fermion-Higgs-boson couplings in this framework. In- 
deed, the paper [l7| and the present paper are compan- 
ion papers. Therefore sections and equations of [l3| will 
be quoted as section LI etc. and (LI), (1.2) etc. respec- 
tively. 

Our paper is organised as follows. In section[2]we recall 
the main results of [17] concerning THDMs with gener- 
alised CP invariance of type (i). In section [3] we discuss 
the vacuum expectation values (VEVs) and the physical 
Higgs mass spectrum of our models. In section|4]we intro- 
duce the fermion families and consider their coupling to 
the Higgs fields. In section O we collect our results and 
discuss their physical consequences. Section [HI contains 
our conclusions. Detailed derivations of various results 
are presented in the appendices. 



2. THE THDM WITH CP TYPE (i) 
INVARIANCE 

We consider models with the particle content as in the 
SM but with n fermion families (n — 1,2,3) and with 
two Higgs doublet fields instead of one. The two Higgs 
fields are denoted by 

with i = 1,2. The gauge group of our models is assumed 
to be the usual one, SU{3)c x SU{2)l x U{1)y- In the 
following the gauge group SU{3)c of strong interactions 
will play no role. We shall be concerned with the gauge 
groups of weak isospin, SU{2)l, and weak hypercharge 
U{1)y- Both Higgs doublets in ([1]) are assigned weak 
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hypercharge y = 1/2. The most general gauge-invariant 
Lagrange density can then be written as 



THDM 



Yuk 



FB ■ 



(2) 



Here ^fb is the standard gauge kinetic Lagrange density 
for fermions and gauge bosons; see for instance [J]. The 
Higgs-boson Lagrangian is 

■^v=Yl (^z^^')^ (^'''^^) - ^(^1' '^2) , (3) 

1=1,2 

with V {if 1, 1^2) the Higgs-boson potential. FinaUy, the 
Yukawa term, denoted by ^Yukj contains the Higgs- 
boson-fermion couphngs which will be the main focus of 
study in this paper. 

Let us, however, first recall the main result from fl6j 
and [13 concerning the Higgs potential V and CP trans- 
formations in the Higgs sector. We use the framework of 
gauge-invariant functions. For this we introduce the 2x2 
matrix of the Higgs fields (see (A.2) of ^ and (1.8)), 



(4) 



Similarly, the scalar products of two Higgs fields, 
tf\{x)tfj{x) € {1,2}) are grouped into a 2x2 her- 
mitian matrix 



K{x) = <j){x)(j)\x) 
1 



-{Ko{x)l2+Kix)(T) 



(5) 



Here we have expanded K_{x) in terms of the unit matrix 
I2 and the Pauli matrices a"' (a — 1, 2, 3), thus defining 
the gauge-invariant functions 



K{x) = 



_ fKoix) 



K(x) 



(6) 



These form a real four-vector parametrising the gauge 
orbits of the Higgs fields. As we see immediately from 
© K.{x) is a positive semidefinite 2x2 matrix. This 
implies that K(x) must be on or inside the forward light 
cone: 



where 



K ix)gK{x) >0, 
Ko{x) > 0, 



. = diag(l, -1,-1,-1) 



(7) 



(8) 



The most general SU{2)]^ x [/(l)y -invariant potential 
can now be written as 



V =f K{x) + K^{x) E K{x) 

=Co Ko{x) + K(x) + 7,00 Kl{x) 
+ 2 Ko{x) K(x) + K'^(x) E K(x) 



(9) 



Here the potential parameters are a real four-vector and 
a real symmetric 4x4 matrix: 



E = 



T] E 



E = E' 



mi 112 »7i3 
mi m2 m3 

^1131 V32 1133 J 



Under a basis change of the Higgs doublets 

'P'tix) ^U^Jlp J (x), {1,2}, 



(10) 



(11) 



with U = (Uij) E U{2) the functions Ko{x), K(a;) trans- 
form as 



K^{x)=Ko{x), 
K'{x) ^R{U)K{x). 



(12) 



Here R{U) is a proper rotation matrix {R{U) G 5*0(3)) 
obtained from 



U^cr^U ^ Rab{U)a'' , a, foe {1,2,3}. 



(13) 



The potential (O stays the same under such a basis 
change if we transform the parameters (fTO|l as follows 



Voo = mo , r]' = R{U) r] , 
E' = R{U)ER^{U) . 



(14) 



This can for instance be used to diagonalise the real sym- 
metric matrix E. 

The precise conditions for the potential ^ to be sta- 
ble and to lead to the EWSB observed in Nature were 
spelled out in [l^. A thorough investigation of the pos- 
sibilities for CP invariance and spontaneous CP violation 
for the Higgs Lagrangian ([3]) with the potential ([9]) was 
done in 17]. There, we gave a classification of possible 
generalised CP transformations of the Lagrangian ([3]) in 
type (i) and (ii). This classification is geometrically moti- 
vated: The CP^*'' transformation of type (i) corresponds 
to the point reflection at the origin in K-space, whereas a 
type (ii) CPg transformation corresponds to a reflection 
on a plane in K-space. Note that it is not possible to 
convert type (i) and type (ii) transformations into each 
other by a change of basis. 

In terms of the fields, the type (i) generalised CP trans- 
formation is denoted by CPj,*-* and defined by (see (L54)) 



CpW : W^'{x) 
B^'{x) 

ipi{x) 



-'w;^{x'), 

-B^{x') , 

^^]V*j{x') , 



0(x)^e0*(x') 



(15) 



(16) 



3 



Here 



where we have with R{U) from (fT3l 



and 



(17) 



(18) 



is the matrix of W four-potentials with t° (a — 1,2,3) 
the Pauli matrices. Furthermore, B^{x) is the hyper- 
charge four-potential and 



1 

-1 



(19) 



With (jl6p we find for the gauge-invariant functions 

CP« : K^{x) ^ Ko{x') , 

K(x) ^ -K(a;') . (20) 

That is, the CP^*-' transformation (fT6|) corresponds to 
the point reflection at the origin in K-space in addition 
to the change of argument a; — *■ x'. Twofold applica- 
tion of the CP^*' transformation gives the original Higgs 
fields with a minus sign. This minus sign corresponds to 
a hypercharge transformation, and thus drops out when 
considering the twofold CPg*-* transformation ((20)) of the 

gauge-invariant functions. Note that the CP^*-* transfor- 
mation of the fields given by ()16|) has the same form in 
any Higgs basis, up to gauge transformations. See section 
1.3 and appendix LB. 

The type (ii) generalised CP transformations are those 
which reduce to the standard CP transformation in a 
suitable basis for the Higgs doublets (see section 1.3.2). 
That is, after a suitable basis change (|lip we have 



CPi 



if[{x)^^':{x'), *e{l,2}, 



(21) 



whereas the transformation of the gauge potentials stays 
as in (fTSl) . For the original Higgs basis we have then: 



n-p{ii) 
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(22) 



Here, the argument change and complex conjugation of 
the Higgs fields >Pi{x) is supplemented by a basis change. 
For the gauge-invariant functions these type (ii) CPg 
transformations correspond to reflections on a plane 
in K-space. These reflections are orthogonally equiva- 
lent to i?2, the reflection on the 1-3 plane. Indeed, let us 
define the reflections on the coordinate planes as 



Ri 


— diag 




1, 


1), 




R2 


= dia| 


;( 1,- 


-1, 


1), 




R3 


= dia^ 




1, 


-!)• 


(23) 



Then we find from 
CPf ) : 



Ko{x) Ko{x) , 
K(a;) ^ R^K{x'). 



(24) 



Ru 



R^{U) R2R{U) . 



(25) 



Note that a twofold CP^"-* transformation reproduces the 
original Higgs fields without an additional phase. 

Invariance of the potential ^ under a generalised CP 
transformation was found in section 1.3 to require for the 
parameters (IK 



Ri = i, Rv = V, RER^ 



E. 



(26) 



Here R is the improper rotation matrix in K-space cor- 
responding to the generalised CP symmetry. A gener- 
alised CPg symmetry of type (i) corresponds to = — 13 
whereas type (ii) corresponds to R = R^, (P5|) . 

Now we can write down the most general potential 
having CP^'-* invariance; see theorem 1.2. We must have 
^ = and ?7 = in order to satisfy ([^5]) . Thus, 

V = ^oKoix) + VooKUx) + K^ix) E K(x) . (27) 

In the following we shall always suppose that by a basis 
change as in (fTTj) and ([H]) we have diagonalised E and 
ordered the eigenvalues as follows: 



= diag(^i,/i2,/i3) , Mi>M2>M3- 



(28) 



In theorem 1.5 we found that the potential (p7)l leads 
to a stable theory with the correct EWSB and no zero 
mass charged Higgs bosons if and only if 



Ma 



Tim > 0, 
r/oa > for a 
^0 <0, 
< 0. 



1,2,3, 



(29) 



In the following we shall always suppose these conditions 
to hold. 



3. THE VACUUM EXPECTATION VALUES 
AND THE HIGGS MASS SPECTRUM 

The vacuum solution for the Higgs fields, denoted by 

(^,) := (^.(x)) = (^^0 , J = 1,2 (30) 

is obtained from the global minimum of V (j27p . The 
corresponding matrices (ip) and K_ are 



:=(0(x))= :v 3 



' 



(31) 



^=(0)(0)t = i(ifol2 + KrT), (32) 



K = 



K 



(33) 
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In appendix LB we have already discussed this vacuum 
solution. We get (see (I.B.41)) 



K = 



K 



2(%o + Ms) \0 

a/ 



(34) 



In section 7 of |16| a general discussion of the struc- 
ture of the Higgs sector in THDMs after EWSB was 
given. The basis choice in this reference coincides with 
our present choice. We can, therefore, set for the Higgs 
field vacuum expectation values 

,0, 



Here 



vo w 246 GeV (36) 

is the standard Higgs vacuum expectation value (see for 
instance Q)- Furthermore, we use the unitary gauge and 
introduce the shifted, that is, the physical Higgs fields as 
in (129) ff of [3. This leads to 



(pi{x) 



1 
72 





Vq + p'{x) 

H+{x) 



^{h'{x)+th"{x)) 



(37) 



(38) 



Here p'(x), h'{x) and h"{x) are the three real fields cor- 
responding to the physical neutral Higgs particles and 
(x) is the complex field corresponding to the physical 
charged Higgs particle. We set 

H-{x)^iH+{x)r . (39) 

From the results of section 7 of [16] and appendix LB we 
can now immediately read off a number of relations. 

The Lagrange multiplier uq corresponding to the global 
minimum of the potential V (j27p is 

Uq = -P3 . (40) 

Inserting (|35p in ([5^ we get for the vacuum four-vector 
K (see (134) of ^) 



K 



Comparison with gives 

2 




(41) 



V, 



° Voo + tJ-3 Voo - ImsI' 



^^0 



<0 



(42) 



The mass squared of the charged Higgs particles is, 
according to (145) of p^ . 



2uqvI = 2(-/i3)wo 
Voo + ^J■3 ' 



(43) 



The mass matrix squared of the neutral Higgs particles 
is obtained from (144) of [l^ as follows: 



■'^neutral ^ ^ 



-Co 
«o'(m-M3) I (44) 

Wo(M2-A*3)> 



with the ordering {p' , h' , h") for the fields. We see that 



M 



neutral 



is already diagonal with our choice of basis. 



Thus we have 



= 2(-eo) , 
^h' =2vl (pi - ^3) , 

Wh" ^2vl (p2 - P'i) ■ 



(45) 



In the following we shall require that none of the neutral 
physical Higgs particles is massless and that there is no 
mass degeneracy between h' and h" . This implies from 
the condition 



Pi> P2> P3 



(46) 



which is slightly stricter than 

Our Higgs potential ([77)1 has five parameters ^0, ^700, 
pi, p2, P3- We can now express these in terms of the five 
physical quantities , f7^^± , m^p/ , mf^, , to^„ . This gives 



^0 
Voo 

Ml 

M2 
M3 



1 / 2 2 ^ 



1 



(47) 



For positive squared masses and inj^, > mf^„ the condi- 
tions P5|) and (pS)) are always satisfied. 

Let us next discuss the CP symmetries of our model 
and the CP transformation properties of the vacuum ex- 
pectation values and of the physical fields. The Higgs 
Lagrangian Q with the potential ((27|) for which we re- 
quire ([^5]) to hold, allows for exactly four generalised CP 
transformations, CP'^\ CPj\\ CpI'^^ and 0^^"^ as de- 
fined below. In all cases the gauge potentials are trans- 
formed according to P3|) . But the transformation of the 
Higgs fields and of the gauge-invariant functions Kq{x), 
K(a;) is different. 



5 



Our basic type (i) CP transformation, CP^*\ trans- 
forms the Higgs fields and the gauge-invariant functions 
according to (fTH]) and (|20|) . respectively. 

For the type (ii) transformation CP^*\^ we set 



ipi{x) 



(48) 



CPs 


w 




e 






cpS 


I2 


CP^2 





TABLE I: The matrices W for the four CPg transforma- 
tions. 



This implies 



K(a;) 



i?iK(a;'): 



with i?i the matrix of the reflection on the 2-3 plane; see 



The type (ii) transformation CPg"2 is the standard CP 
transformation, CP^, for the Higgs fields, where 



CP 



9.2 



tpi{x) 



^l{x')., 
ipl{x'). 



Here we get 



CP 



(») 

S,2 



Ko{x) ^ K^ix') , 
J^{x) ^ R2V^{x), 



(50) 



(51) 



with i?2 the matrix of the reflection on the 1-3 plane; see 
(ESI). 

Finally, the transformation CpI,", is defined by 



CP 



S,3 



(pi{x) 
^pi{x) 
<P2(a;) 



'^Ijfjix') , 



This implies 



CP 



(ii) 

S,3 



Kq{x) ^ Ko{x') , 
K{x) ^ R:iK{x') , 

with i?3 the reflection on the 1-2 plane; see (|23 

Now we summarise the fc 
tions for the Higgs fields as 



(52) 



(53) 



Now we summarise the four different CPg transforma- 



CP„ 



ipi{x) W^j (p*{x') . 



(54) 



The matrices W — {Wij) for the various CPg transfor- 
mations are hsted in Tab. HI see (HH), (gg]), ([50)1 and 
We note that we could supplement an additional global 
phase factor on the right-hand side of ([54|) . However, 
such a global phase factor in the Higgs CP transforma- 
tion drops out in the Higgs potential, and for the Yukawa 
terms it may always be absorbed by proper redefinitions 
of the fermion fields, as will be explained in the next sec- 
tion. Therefore we may without loss of generality set this 
global phase factor to 1. 



CPj*\\ CP^"2'' and 

CPg 3 are not independent since we have at the level of 



Note that the symmetries CPg-*, 
j(ii) 



(49) the transformation of the Higgs fields the relation 



CP 



S.3 



cp^^;^ o cpj^ ° CP 



g 



(55) 



Any of the above CP symmetries is conserved by the 
vacuum if and only if the vacuum value K satisfies 



RK = K. 



(56) 



Here we have to insert R — — 13, -Ri, R2 and R3 for 
the symmetries CP^*\ CP^"i^ GP'-^^^ and CP^"3\ respec- 
tively. Looking at the vacuum solution (|34p for K we see 
immediately that 

(-l3)K^K, 
i?iK = K, 
i?2K = K , 

i?3K^K. (57) 
Thus, the symmetries CP^'' and CP^^g are spontaneously 



broken, as we already know from theorem 1.4. On the 

3,1 "'^'^ 5,2 



other hand, the symmetries CP^ V and CpI", are con- 



served by the vacuum. 

Now we come to the CP transformation properties of 
the physical Higgs fields defined in (|37p and ([55]) . Under 
CP^'' , which transforms the Higgs doublets according to 
()16|l . the physical Higgs fields have no definite transfor- 
mation property. This is alright, since CP^'-* is sponta- 
neously broken. For the unbroken symmetry CP^g^i we 
get from ([371), jMl) and ([48]) 



CP 



(") 

3,1 



9,2 

CP 



(■") 

9,2 



p'{x) 


- p'{x'), 


h'{x) 


-h'{x) , 


h"{x) 


- h"{x'), 


H+{x) 


~> -H~{x') 


obtain 

f 


from dsn), i 


p'{x) 




h'{x) 


- h'{x'), 


h"{x) 


- -h"{x') , 


H+{x) 


^ H-{x') 



(58) 



(59) 
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Fermion 


weak isospin t 


weak hypercharge y 




1/2 


-1/2 










IjR 





-1 


— y-^ r — 


1/2 


1/6 


UjR 





2/3 


djR 





-1/3 



TABLE II: The fermion families, j — 1, 2, 3, and their quan- 
tum numbers of weak isospin t and weak hypercharge y. 



We see that the field p' is CP^';^ and CP^'^ even, h' is 



CP^*V odd and h" is CP^"/ even. This role of h' and h" 

is interchanged for the symmetry CP^'2; see (|59l) . We 

note, however, that this assignment of CP^"'' quantum 
numbers is to some extent a convention, since we could 
have inserted extra global factors of (—1) in (|48|) and ([50)1 . 
This would not change the transformation properties of 
the gauge-invariant functions in (|49|) and ([5T|) and thus 
have no physical consequence. 



4. FERMIONS AND THEIR COUPLINGS 
TO THE HIGGS FIELDS 

In this section we shall discuss the fermion families 
and their coupling to the Higgs fields. We shall require 
that the Higgs- fermion coupling, that is the Yukawa term 
-S^Yuk in (l2|), respects all four generalised CP symmetries, 

CP(,*\ CPj'\\ CPj'2^ and CPj,"3\ as introduced in sec- 
tion [3l We shall call this the "principle of maximal CP 
invariance" . We shall show that this principle leads to 
interesting consequences. 

Let us first introduce our notation for the fermions; 
see Tab. |TT1 We give the fermions a family index j (j = 
1,2,3) for ease of notation. Thus, we set li = e, I2 ^ fJ- 
and I3 = T for the leptons, ui = u, U2 = c, U3 = t for 
the up type quarks and di = d, d2 = s and d^ = b for 
the down type quarks. The indices L and R stand for 
left- and right-handed fields, respectively. In Tab. |TT] we 
list also right-handed neutrinos. The finding of neutrino 
oscillations suggests that they also form part of Nature. 
In the following, however, we shall, as an approximation, 
consider the neutrinos as massless and ignore the Vj n 
fields. 



4.1. The case of one family 

Now we study if we can couple one fermion family to 
the Higgs doublets in a CP^ -'-invariant way. The most 
general SU{2)l x U (l)y invariant Yukawa interaction for 



this case has the form (see chapter 22.4 of [1] for the 
analogous discussion in the framework of the SM) 



^Yuk(a;) = -liR{x)ci^i ip\{x) 



Jil{x) . 



\diL[x), 



dlR{x) Cq.i(p\{x) 



uil{x) 
diUx)^ 



(60) 



Here c/^i, c^ j and Cq^i {i — 1,2) are arbitrary complex 
numbers. 

Now we make a general ansatz for the CP^'-* transfor- 
mation of the fermion fields as follows: 

e'«=7°^(C)/TH(^'), 

T 




\diL{x )^ 
^^^j'SiC)uJ^{x'), 

^«=7°5(C)dTi^(^')- 



(61) 



Here x, x' are as in (|17p and 7° and S{C) := i7'7" are 
the usual Dirac matrices for the parity and charge con- 
jugation transformations, respectively (see for instance 
chapter 4 of [3|). For generality we have inserted in ([6T|) 
arbitrary phase factors e*^" with (a = 1, . . . , 5) real. 
With (fT6|) and (I61|) we find the following transformation 

of ifYuk(2:), m-. 



^Yuk(2^) 

{dil{x'), liLix')) ci^jejiipiix')hR{x') 

(C3-«4)x 

hL{x'), diL{x')^ c'^ jejie'^ ip*{x')uiR{x') 



(' 



(uil{x'), diL{x')j Cqje-jiipi{x')diR{x') 
+ h.c. (62) 

Note that a possible additional global phase factor in 
the CP transformation of the Higgs fields, that is, on 
the right-hand side of p^ . can be absorbed by a redef- 
inition of the phases ^2, ^4 and ^5 for the right-handed 
fermions. Similar remarks apply to the case of more than 
one fermion family. Comparing (|62p with (|60ll we see 
that we have CP^'-* invariance, J/fyukix) Jiffyukix'), if 
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and only if 



W,2 ~ ^ '-■1,1 I 



-gjcjj (63) 

for i — 1,2. Explicitly we find from ([63]) for ci^i'. 

(64) 

which has only the trivial solution 

Q,i = Q,2 = 0. (65) 

The same result is found for Cq,i and c'^ ^. 

We summarise these findings as follows. A single 
fermion family (see Tab. |TT| cannot be coupled to the 
two-Higgs-doublet fields in a CP^'-* -symmetric way. In 

other words: requiring CP^*'' symmetry for the Yukawa 
Lagrangian ((60|) leads to 



0, i = l,2, 



(66) 



that is, to .Sfyuk = 0. 

Our principle of maximal CP invariance has as part of 
its requirements CP^*^ symmetry. Thus, we have shown 
that a single fermion family cannot be coupled to the 
Higgs doublets in a way respecting our principle. 



and {uaL, d'ah)^ ■ As in the SM we can use this to re- 
quire, without loss of generality, for the matrices c\^\ 
C'q^^ and Cq^^ certain standard forms: 



(1) 



cS^,) 



-12 

c 



(1) 

7 3 / 



cl2^>0, >0; (68) 



.(1) 



(7'(1) = 



c, 
„(i) 



(1) 

u 3 > 



c„2>0, ci^]>0; (69) 



C'^'-^r: (1) K^ 4^>0' 43^>0. (70) 



c 



(i3 , 



V = 



cos I? sini? 
— sini? cos I?; 



< < 7r/2. 



(71) 



For the derivation of the corresponding results in the SM 
see, for instance, chapter 22.4 of [J. The matrix V = 
{Vaf}) in ([TTjl will turn out to be the Cabibbo-Kobayashi- 
Maskawa (CKM) matrix in the 2-3 sector. As we shall 
see, in the basis of the fermion fields defined by (|68p - ([7T|) 
the fields Zq^, Io,l and Mqa,, UaL correspond to mass 
eigenfields. For the d'-fields defined in this basis the mass 
eigenstates will be 



(72) 



In the following we shall always work in the fermion 
basis defined by ([68ll -([7T |) if not stated otherwise. 

For the CPg transformations of the fermions we make 
the generic ansatz: 



4.2. The case of two families, generalities 

In this section we shall treat the case of two families 
where, for definiteness, we consider the families 2 and 3. 
The most general Yukawa interaction of these families 
with the Higgs doublets can be written as 



+ 



«aK(x)C,„^<p,-(x)6l ^^^^^ 



+ h.c. 



(67) 



Here a,/3 G {2,3} are the family indices and j G {1,2} 
number the Higgs doublets. The summation convention 

(1) 

is used if not stated otherwise. The 2x2 matrices C; — 



(Mi) \ Mi) 



(MI) \ n'^ 

\^qal3)-' 



'(i) 



i^'q^ap) have, to start 



with, arbitrary complex entries. 

Without changing the physical content of the theory we 
can make [/(2)-rotations of the right-handed fields laR, 
UaR, d'^R and the left-handed doublet fields {i^aL, lah)^ 



Io.r{x)^U^^\p^'S{C)F,^{x'), 

Ua.R{x)^Ul^l^j'S{C)uJ,^{x'), 

d'a Rix) - Ul^l^ 7° SiC) d'Jj^ix') . (73) 
- ^-^'^ ^ . , Ul,'^ = (<,) are 



All matrices U}^' = iU£'^^) 
supposed to be unitary 



Of course, these matrices C/j^'' etc. will, in general, all 
be different for the four CP^ transformations which we 
consider. 

Now we shall require that a CPg transformation ap- 
plied twice gives the original fields up to a phase factor. 
Writing generically for any of the transformations (|73p 

CPg : ij^ix) ^ U^p 7° S{C) ^J{x') (75) 

we get 

CPg o CPg : Va(a;) ^ - ([/ C/*)„^ M^) ■ (76) 



(74) 
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We shall, therefore, require 



(77) 



with real yc. In appendix El we show that there are only 
two types of solutions of ([77]) . 

Type (a): e'^ = 1 , 



V 
-1 0. 



(78) 



Type(b): e'^ 



U = 



a P 



/3>0, \a\^+f3^ = l. 



(79) 



This classification of the fermion generation mixings in 
the CP transformations in type (a) and (b) is similar to 
the Higgs sector, where we distinguish the CP^ transfor- 
mations of type (i) and (ii) according to the type of Higgs 
flavour mixing involved. If only the "standard" mixing 
types (ii) respectively (b) occur in a CP^ transformation, 
the operator (GPg)^ is normalised as for the standard 
CPs transformation. For certain combinations involving 
the "non-standard" mixing types (i) respectively (a), the 
operator (CPg)^ o exp(z67ry) is normalised in the usual 
way, with Y being the hypercharge operator; in other 
cases additional unobservable minus signs may occur for 
the fermions. 

Let us next note the change of the matrices Ur^l of 
([75|l under a basis change of the fermion fields. Consider 
for instance a basis change of the dji fields as in ([7^ : 



A generic CPg transformation for the Higgs fields as in 
([M]) and for the fermions according to 

CPg : ^j^l{x) - U^^'^f, 7" S{C) ^fjj^ix') , 

X.R{^)^ul,%j°S{C)xJnW) (84) 

leads to 



CP, : J^'ix) ^ - XaRix') C% ^l(x') i;pL{x') 



where 



-I- h.c. 



(85) 
(86) 



Similarly we find for a coupling 

^"{x)^Xc.R{x)C'^^^J{x)ei^pL{x)+h.c. (87) 

the transformation 

CP, :if"(x) ^Xo.R{x)C'^j^J{x')e^0L{x') 
+ h.c. 



Here we have 



C"W = u^^'' C'^^^ * u''^^ * W*- 

R L ji ' 



(89) 



4.3. Invariant couplings for two lepton families 

Now we impose our principle of maximal CP invariance 
on the Yukawa interaction (l67l). We want to find out 



what this implies for the coupling matrices C; , Cq 

(i) 

and Cq . We start by considering only the leptonic part 
of ifvuk in m, 



(80) 



with V = {Vafi) e U{2). The CP, transformation of daR 
following from ([751) then 



dMx)^ul,'^^°SiC)d^0j,{x'), 



with 



(81) 



(82) 



It is easy to check that this transformation does not 
change the type of the CP, transformation as described 
by ^ respectively ([751) . 

For changes of basis of the other fermion fields the 
corresponding U matrices transform analogously to (j82p . 

Finally we consider a generic coupling of a fermion dou- 
blet field il}La{x) and singlet field XRa{x) to the Higgs 
fields: 

^'{x) = -Xc.r{x) v\{x) i^pLix) + h.c. (83) 



Vi3l{x) 
Ji3l{x) 



(90) 



As explained in section [4~2l we can, without loss of gen- 
erality, suppose ([68]) to hold. Now we consider a generic 
CPg transformation for which ([5^ holds for the Higgs 
fields. This CP, can be extended to an invariance of 

■^Y\iV.i{x) if and only if we can find U{2) matrices u'"^ 

and uf^ in (|73)) such that, according to ((86| . we have 



(91) 



For the principle of maximal CP invariance to hold we 
must be able to find matrices J7]j'\ U^^ solving (fOTj) for 
all four transformations CVf, CP^"i\ CV'^^^l and CP^"^' 
with the corresponding Wji from Tab. IH 
Let us first consider the case 



4 2 



>o. 



C; 3 ^ U , 



^12 



(1) 
/3 



(92) 
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This corresponds to non-vanishing and unequal masses 
for the leptons I2 and ^3 after EWSB. As we show in 
appendix [Bl we have, if ([92|) holds, solutions of (|9T|l for 

all four CPg transformations only if the matrix Cj 
the following structure: 



(2) 



has 



(2) _ 



(2) 

; 32 




(93) 



-(2) ^(2) 

(see dElSl, ^Km . (lB37l) and HbM ). 



The possible values for C; 23 and C2^are listed in Tab. 



m 



^(2) 


^(2) 
^i32 




W3 
h3 



TABLE III: The possible values for C^' 
that holds. 



J 23 and C/32 for the case 



Here we can read off the lepton masses 



^2 



(1) Vq_ 

^12 



mi3 



V2' 



^13 



(96) 



Identifying the lepton 3 with the r lepton we see that 



in all cases listed in Tab. IIIII either 



r-(2) 
'-'(23 



(2) 

; 32 



= mrV2/vo- Thus (I94p always contains large 
lepton flavour-changing neutral currents, FCNCs. These 
would allow for processes like 

I2 + 12^13 + I3 (97) 
through diagrams like in Fig. [1] A direct study of process 



h', h" 



The corresponding matrices u'^^j^ for all four CPg sym- 
metries are given in appendix|B] To see the physical con- 
sequences of this result we look at J^Yuk,i after EWSB. 
Inserting for the Higgs fields the physical expressions (IHT)) 
and ^ we get from ^ 



Yuk,; 



H2 

43 



%/2 
1 

71 



(wo + (^(x)) hix) hix) 
{vo + p'{x)) Isix) l3{x) 



(2) ~ 

H^{x) C;2U2(a;)wLi^3(a;) 



23 
(2) ~ 

+Q32 ^3(2^)'^L'^2(a;) 
-i7+(x) cllli>3{x)ujRl2{x) 

+ Q32 '^2ix)cjRl3{x) 

h'ix) (j , , 



ri(2) I /-<(2) 

^123^L + ^132^R 



+ l3ix) 



■^(2), , , ^(2), , 



hix) 

Hx) 



i h"{x) 



\l2{x) -C\%UJL + C[%UJB^ hix) 



hix) 



^(2), , ^(2), , 
'~^123^R ~ '~'132^L 



Hx) (94) 



FIG. 1: Two Feynman diagrams for the large FCNC process 
'2 + ^2 ^ '3 + ^3 reflecting the last two contributions in the 
Lagrangian (|94|) . 

([57)) . /i^ + /i^ ^ + T^, would be a topic for a muon 
collider which, however, is far in the future. But the 
couphngs in Fig. [T] would also lead to spectacular lepton- 
flavour-violating events in deep inelastic muon-nuclcon 
scattering. 



N ■ 



X . 



(98) 



Two of the corresponding tree level Feynman diagrams 
are shown in Fig. [51 Here X stands for the hadronic 




FIG. 2: Two Feynman diagrams for the deep inelastic muon- 
nucleon scattering process which would reveal FCNCs corre- 
sponding to the couplings in Fig. [T] 

final state. Since such FCNCs were never observed we 
consider them to be unacceptable phenomenologically. 
The next case to study is 



with the chirality projectors 

1 + 7; 



and lol 



1 - 75 



(95) 



H2 



(99) 



There we can construct a coupling (PP)) satisfying the 
principle of maximal CP invariance and having no 
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FCNCs. We give the details in appendix [B) However, 
here we have, according to equal lepton masses, 

w/2 = '71(3, which is, again, unacceptable phenomeno- 
logically. 

It remains to be seen what happens for the case of one 
massless and one massive lepton. Taking, by convention, 
I3 to be the massive lepton we have the case 



-/ 2 



= 0, 



c«>0. 



(100) 



CP, 


w 








e 


e 


a' 








I2 




I2 


I2 


I2 


cp^S 






a' 



TABLE IV: The matrices W, f/^'' and f/^'' for the four CPg 
transformations for the case of one massless and one massive 
lepton; see (|100p . 



Here we shall prescribe the form of the matrices U^^^ 
and u'^'' for the four CPg transformations as shown in 
Tab. IIVI CP^"2 is the standard CP transformation for 
all fields, CP^'2 — CPg. We require now invariance of 
the Yukawa interaction (^0]) under these four CPg trans- 
formations, that is, we require ((9T|) to hold with the cor- 
responding Wij from Tab. IIVI It is easy to check that 

starting with cl^^ > 0, c^g'' > instead of pOOp these 
invariances require c 



(1) 

72 



and 



C, 



(2) 



0, 



(101) 



see (jB.llOp . The resulting Yukawa term reads 



-S?Yuk,i(a;) 



73 -yh r{x) (p\{x) 



V2l{x) 
\12l{.x) 




Note the high degree of symmetry between the families 
here. However, after EWSB we get, inserting ([57]) and 
([38)) for the Higgs fields and using ([96]) . 



P'jx) 



^Yuk,z(a;) = -mi 3 [ 1 + 
, mi3 



h'(x) h{x) hix) 

.ms y^ll^^^ l2{x)^zl2{x) 
Vo 



[H'^{x) V2{x)uJr12{x) 
■H~{x) l2{x)uOLV2{x)\ 



(103) 



The lepton I3 has become massive and couples to the 
physical p' Higgs. The lepton I2 is massless but couples 
to /i', h" and the charged Higgs bosons . 

In appendix IB] we give a general discussion of the case 
where (|100p holds; that is, where lepton I2 is massless 
and lepton I3 massive. We show there that the require- 
ments of maximal CP invariance plus absence of FCNCs 
uniquely leads to the coupling (|102p . 



4.4. Invariant couplings for two quark families 

In this section we study the quark part of the La- 
grangian (|67p . Let us first look at the term which gener- 
ates masses for the it-type quarks. 



Yuk.g' 



(x) 



--u^R{x)C'^^^pip]'{x)e 



Uf3L{x) 



(104) 



Here we can suppose without loss of generality that Cq 



'(1) 



is as in . As for the case of the leptons in section [ 
we ask if ^vuk.g' in (|104p allows for the implementation 
of our principle of maximal CP invariance. That is, we 
ask for matrices ul^\ u]j^'^ in ([75)1 which satisfy either 
([75)) or ([75]) and allow us to solve (see 



(105) 



for all four CP symmetries with Wji as given in Tab. H] 
Since all W matrices are real (llOSp is completely anal- 
ogous to ([?T|) . We can immediately conclude from the 
results of section 14.31 that for the case 



>0, 



.(1) 

-m2 



(1) 



(106) 



the principle of maximal CP invariance leads to large 
FCNCs. Here it is important to note that these FCNCs 
are generated for the physical mass eigenfields U2 and 
U3. Requiring the absence of these FCNCs then allows 
for only two possibilities for a non-zero coupling ^Y\ik,q' ■ 
Either we must have non-zero equal masses for the quarks 
U2 and U3 or we must have U2 massless and U3 massive. 
Discarding the former for phenomenological reasons we 
are left with the case of a massless U2 = c quark and a 
massive U3 = t quark. Now we prescribe the matrices 
C/]^"'' and for the four CPg transformations as for 
the lepton case in Tab. [TVl That is, we set for all CPg 
transformations 



7-r(«) _ Tfil) 
^ R ~ ^ R ' 



U 



(107) 
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With pOT]) we find that the matrices C'q^^^ (i = 1, 2) have 
to be as follows: 







.0 c 



(1) 

u3i 



c*'^ > 



(108) 



" \ o) ' 
The resulting coupling term (|104p reads 



(109) 

As for the case of the leptons (see appendix |B| we can 
show the following. For c"^l = 0, c[^l > the principle of 
maximal CP invariance together with the requirement of 
absence of FCNCs leads uniquely to the coupling (|109p . 

We turn next to the term in ([67|) which generates 
masses for d-type quarks 



+ h.c. 



(110) 



Here the standard form for C,^'' is given in (|70|) and ((7T|l . 
Note that d'^ are - in general - not the mass eigenfields. 
We shall change to the basis of da mass eigenfields and 
the corresponding isospin partners of u'^ fields according 
to dll]) setting 

( <Li^)\ ^ T/t f Ul3Lix)\ 
\daL{x)J ''^'[d'pAx)) • 

The coupling term (jllOp reads now 

^Y.^Ax)=-daRix)cl%^]ix) (f^l''] 



(111) 



where 

From ([70|) we see that this implies 

.(1) 



(112) 
(113) 



(7(1) ={^d2 







c 



1) 

d3/ 



Now we can proceed as for the lepton case. We see 
that requiring the principle of maximal CP invariance 
leads for the case 



^(12 



> 0. 



> 0. 



^d2 



7^ ''d; 



(115) 



to large FCNCs among the physical d-quark mass eigen- 
fields. These FCNCs can only be avoided if we require 
either equal masses 'md2 — Tnds or 771^2 — and nids ^ 0. 
Again we discard the former possibility for phenomeno- 
logical reasons. For the case 771^2 — 0, m^a ^ we shall 
again prescribe the CPg transformation matrices of the 
fermion fields. But we have to remember that we have 
already prescribed the transformation matrices U^"^ for 
the left-handed quark doublets in (|107p . Since the same 
doublets appear in (jllOp we can here only prescribe U^'^ 



in ([73| . since everything else is already fixed. Note that 



U^^^ refers again to the d'^ fields. We prescribe here 



(d) 



U 



as in Tab.lTVl This leads to 



U 



V =l2 



(116) 



(117) 



that is, to a CKM matrix equal to unity in the 2-3 sector 
as we show in appendix [Cl The final form of the coupling 
term ^Yuk,g is as follows: 

-d2Rix)4{x) h^^^^^^^+h.c. 

(118) 



Note that with ()117p we have d'^n ^ — daR,L for the d- 
type fields. 

In appendix [Cl we give a general discussion of the case 
c|;^2 = 0; '^'dl > that is of the case where d2 is massless 



and d^ massive. 



5. DISCUSSION 

In this section we collect the results found in the previ- 
ous sections and subsequently discuss their physical con- 
sequences. We have investigated a two-Higgs-doublet 
model having four generalised CP transformations as 
symmetries. We have introduced the principle of max- 
imal CP invariance which requires that these four sym- 
metries are extendable to the full Lagrangian. 

In sections [5] and [3] we have discussed the Higgs sector 
of the model which is characterised by the requirement 
of CP^'-* invariance. We have seen that this leads auto- 
matically to three more CPg invariances, CPg"'', CP^'j 



(114) and CP^"3-'. The EWSB breaks CP^'^ and CP^^g-* spon 



taneously. At tree level, which we have discussed in this 



paper, the symmetries CP^*\-* and CP^'j are unbroken. 

In section |4] we studied if we can implement the prin- 
ciple of maximal CP invariance, that is, if our four 
CPg symmetries can be extended to the coupling of the 
fermions to the Higgs fields. For this we introduced the 
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fermion families; see Tab. |TT1 taking the neutrinos as 
massless. We found in section H?T] that requiring a single 
family to have a CP^*-* invariant coupling leads necessarily 
to the coupling being identically zero. Thus, we have the 
interesting conclusion that a single fermion family with 
non-zero couplings and, therefore, masses is not consis- 
tent with CP^*-* invariance, and therefore, a forteriori, 
with the principle of maximal CP invariance. 

In sections [4.2l to lT4l we discussed non-zero couplings of 
two families to the Higgs doublets, always requiring the 
principle of maximal CP invariance. We took the two 
families to be the second and the third. We found that 
unequal non-zero masses for the leptons I2 and ^3, the 
quarks U2 and M3, as well as d2 and always implied 
large flavour-changing neutral currents (FCNCs). The 
absence of large FCNCs required either equal masses of 
corresponding fermions (m;2 = etc.) or one fermion 
massless, the other massive. Discarding the equal mass 
case on phenomenological grounds we were, thus, left 
with the possibility 



m; 2 = , 
TO„ 2 = , 
md2 = 0, 



^ 0, 
md3 ^ 0. 



(119) 



The specific set of CP symmetries defined by ([75)1 to- 
gether with Tab. |TVl pI77|) and piB)) guarantees the ab- 
sence of large FCNCs and requires vanishing masses for 
family 2. As a further consequence the CKM matrix be- 
tween the families 2 and 3 has to be equal to unity; see 
(fTTTIl . Combining PH^ . pUS)) and (fTT^ we find for the 
full Yukawa part of the Lagrangian the simple form 



12l{x) 



, (1) 1 - f \ \ i U3l{x) 

+< 3 S "3 (a;) </5i (x) e I ^ ^ 



U2r{x) ipj{x) e 



U2l{x) 
d2L{x) ^ 



dzR{x)(p\{x) 



d2B.{x) (filix) 



U3l{x)^ 
^d3L{x)j 

(u2l{x) 

\d2L{x)^ 



h.c. 



(120) 



In this model the first family remains uncoupled to the 
Higgs fields. 

For the convenience of the reader we summarise here 
the generalised CP symmetries of the full Lagrangian ^ 
with three generations of fermions, the Higgs part given 
by ^ and ^7\ . and the Yukawa term given by (|120p . 



For any CPg we transform the gauge bosons as in (fT5)) 
and the first generation fermions as in (|6ip where ^1 to 
^5 remain arbitrary. The Higgs fields are transformed 
according to and the second and third generation 
fermions according to (|73p . The matrices W in (|54p and 



C/|''' to [/jjJ*-' in ((73)) are summarised in Tab. |Vl In ap- 
pendix|D]we discuss the relation of these CPg invariances 
to conventional discrete symmetries. 

After EWSB we insert the Higgs fields parametrised 
by the physical fields as in p7|) and (|38p and use the 
relations 



mi 3 



mu3 



^13 



md3 



V2 

_ „(i)^ = 
" "^^/2- 
„(i)^ = 
V2" 



^d3 



nir , 

mt , 
■nib ■ 



(121) 



We find then from (|120p with ujrx defined in ([55)) 

^Yuk{x) = 

mi3(l + ^)Ux)l3ix) 



mu3\ 1 + 



h'{x 



U3{x) U3 (x) 



d3ix) d3{x) 



vo 



h"{x) 



P'{x) 

Vo 
P'jx) 
Vo 

mi3h{x) hix) 
■mu3U2{x) U2{x) 
■ md3d2{x) d2{x) 

m3h{x)-thh{x) 

mu3U2{x)j5U2ix) 

md3d2ix)j5d2ix) 



H+{x)V2 



Vo 



mi3V2{x) LORhix) 
mu3U2{x) uol d2{x) 
md3U2{x)ujR d2{x) 



(122) 



We discuss now the transformation properties of the 
physical fields after EWSB under the CPg transforma- 
tions of Tab. W\ The symmetries CP^^^ and CP^"^ are 
spontaneously broken. Thus they are not explicitly vis- 
ible for the physical fields. The symmetries CP^",^ and 

CPg*2 are unbroken and are thus directly reflected by the 
physical fields. The transformation of the gauge bosons 
is always given by (fT5)) : see the remark after ([^T)) . The 
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transformations of the physical Higgs fields under CP^ { 
and CPg 2 are given in ([55)) and ([55)1 . respectively. For 

the first generation fermions both, CF^g^i and CP^"2 j can 
be taken to be the standard CP transformation, setting 
^1 = . . . = ^5 = in ([6T|) . The transformation CPg'2 acts 
as standard CP transformation also for the second and 
third fcrmion families; see Tab. |Vl The transformation 
CP^"]^ acts, according to Tab.fVl on the second and third 
generation lepton fields as follows; see ([73]) : 



CP, 


w 






CP<"' 


e 


e 










I2 


cp^:5 


I2 


I2 


I2 











TABLE V: The matrices W ^ and 17^'' to t/^'*' in ^ 
giving the four CPg invariances of the Lagrangian with the 
Yukawa term (fT^ . 



fJ-Rix) -> -j°S{C)ll^{x') , 
t(x) ^ 7*'5(C)fT(a;') . 



(123) 



Thus the CP^^j^ transformations for the states of i'^, i^r 
and T are as for the standard CP transformation. For 
the muons, however, we have at the level of the states 



-(k,.))^(-ir+i/2 |A*+(-k,-.)) 



CP 



(») 

S,2 



|m (k,s)) 



"(-k,-s)) 



(124) 



Here k is the momentum and s = ±1/2 is the helic- 
ity of the state. Thus CP^*',' differs from the standard 



CP transformation CPg*2 by an extra minus sign in the 
transformation of the right-handed /i^(s = 1/2). Note 
that in our theory as it has been developed so far the 
muon is massless. Thus its helicity is a Lorentz-invariant 
quantity. For the second and third generation quarks the 
transformations CP^"^ 
lepton case. 



and CPg^j act analogously to the 



Finally we stress again that the theory defined - be- 
fore EWSB - by the Lagrangian ^ with given by © 
and (|27|) - ((29)) and ^Yuk given by (|120p is symmetric un- 
der all four CPg transformations as defined in Tab. |Vl 
Moreover, it is the most general theory with these sym- 
metries. That is, there is no further symmetric renormal- 
isable term which could be added. 

We consider it noteworthy that our symmetry princi- 
ples require more than one family. For two families we get 
in a natural way mass hierarchies. Choosing the simplest 
extension to three families we get masses unequal to zero 
only for r, t and b whereas all other leptons and quarks, 
/i, e, c, u, s, d stay massless. In addition, the CKM matrix 
of the quarks equals the unit matrix, V = 1. Clearly, all 
this is not quite as one observes it in Nature. On the 
other hand, as a first approximation, it is also not so 



bad. We have [l8|, llSl, |20( 

« 0.00029, 
« 9.9- 10"^ 



rrir 
mt 
rub 



0.0010, 



mt 
rrib 



0.059, 
0.0036 , 

0.018. (125) 



Here we have used for the quarks the MS masses 
at the renormalisation point ^ = ~ 246 GeV and 
ctsinT-z) = 0.119. This electroweak scale seems to us a 
natural choice for our purpose. Also the CKM matrix is 
in Nature not too far from unity. Indeed, one finds for 
the absolute values IK-, I uM 



f\Vii\ \Vi2\ \Vi3\ 
\V2l\ \V22\ \V23\ 
\V3l\ \V32\ \V33\ 



^0.974 0.227 0.004^ 
0.227 0.973 0.042 
^0.008 0.042 0.999y 



(126) 



Note that in the 2-3 sector V is very close to the unit 
matrix. But clearly a good theory should be able to 
explain the experimental numbers in (|125p and p26p in 
more detail. 



6. CONCLUSIONS 

We have studied a two-Higgs-doublet model where the 
scalar sector has four generalised CP symmetries. Two 
of these symmetries are spontaneously broken by the 
electroweak symmetry breaking (EWSB). We have intro- 
duced the principle of maximal CP invariance requiring 
that these four CP symmetries can be extended to the 
full Lagrangian of the theory. We find that for a single 
fermion family this principle forbids a non-zero fermion- 
Higgs coupling. Thus, if we want massive fermions which 
arise from non-zero Yukawa couplings we need family 
replication. We have studied then in detail theories 
with two fermion families. Here, indeed, we can ex- 
tend all four CP symmetries to the full Lagrangian with 
non-zero Yukawa couplings which are, however, highly 
constrained. Discarding extensions which enforce large 
flavour-changing neutral currents, we are left with the 
possibilities of either equal masses for the corresponding 
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fermions in the families or large mass hierarchies. Choos- 
ing the latter possibility we arrive at a theory with a high 
degree of symmetry between the two families and absence 
of flavour-changing neutral currents. The Yukawa part 
of this theory is given in (fT20)) and after EWSB in 
Through EWSB one family becomes massive the other 
stays massless at the tree level, which we have discussed 
in this paper. We have shown that we can also obtain 
this theory directly from a symmetry requirement. For 
this we prescribe the form of the four CP transformations 
for the lepton and quark fields as shown in Tab. [V] Our 
principle of maximal CP invariance leads then directly 
to the Yukawa coupling (|120p implying one massive and 
one massless family as well as absence of large FCNCs. 
Adding a fermion family uncoupled to the Higgs parti- 
cles we arrive at a model which looks like giving a rough 
approximation of the structure of fermions observed in 
Nature. We have massless neutrinos. Concerning the 
charged fermions we have one massive family which we 
identify with the third one (r, t, b) and two massless 
ones which we identify with the second (/i, c, s) and 
the first (e, u, d) families. In our model the CKM ma- 
trix between the quark generations is equal to unity. As 
for any THDM, the spectrum of physical Higgs parti- 
cles consists of three neutral scalars, p' , h' and /i", and 
the charged Higgs bosons H^. The neutral Higgs par- 
ticle p' - which has essentially the same properties as 
the SM Higgs - couples exclusively to the third family of 
fermions. The other Higgs bosons and couple 

exclusively to the second family of fermions. The first 
fermion family remains uncoupled to the Higgs bosons. 
Of course, in reality these statements are expected to 
be only approximately true. Thus, many open prob- 
lems remain: Suppose that we start from our highly CP- 
symmetric theory. How can we obtain masses also for 
the first and second fermion families and the CP viola- 
tion in the CKM matrix? Can we get the right amount of 
CP violation to meet the Sakharov criteria for dynamical 
generation of the baryon-antibaryon asymmetry in the 
Universe? What are the effects of radiative corrections 
in the theory? Can the theory be obtained for instance 
in some grand unified scenario by integrating out heavy 
modes? These questions clearly go beyond the scope of 
the present paper and must be left for further studies. 
To summarise: we have discussed a two-Higgs-doublet 
model in which the requirement of maximal CP invari- 
ance provides a mechanism to obtain interesting struc- 
tures for fermion masses and couplings. It remains to be 
seen if Nature makes use of such a mechanism or if our 
theory is only a caricature of reality. The experiments at 
the LHC may be able to tell. 
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APPENDIX A: TWO GENERATION MIXING 
IN CP TRANSFORMATIONS 

In this appendix we discuss the solutions of ([77]) . Every 
matrix U U{2) can be represented as 




with ^ real and 



Ia|' + l/?l' = l. 



(A.l) 



(A.2) 



Inserting (|A.1|) in ([77)1 we get 



It follows that 



a{(3 + (3*) = 0, 



^ e"" = ±1 . 



(A.3) 

(A.4) 
(A.5) 



Thus we have two different types of solutions of ([771 
type (a) where e'^ = 1 and type (b) where e**' = — 1. 
For the case (a) we find from (|A.3p 



and together with (|A.2[) we have 



This gives 



f + f3^ = 2. 



/3' = 1, 
/3 = ±1 
a = 0. 



(A.6) 



(A.7) 



(A., 



Thus, we get for the case (a) the solution of ([771) for /? = 1 
as 



Jjia) ^ g»? 



1' 
-1 0, 



(A.9) 



Taking /3 — —1 gives the same after a redefinition of the 
phase This proves (|78p . 

Turning to the case (b), e*^ = —1, we get from (|A.3p 



a{(3 + P*)=0. 
Together with (|A.2p we have 

P = ±iP' with /3' > . 



(A.IO) 



(A.ll) 
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Defining 

a' = Tia (A.12) 
and inserting in (|A.ip we get 

^ ' \I3' ~a'*j 

with/3'>0, |a'|V/5'2 = l. (A.13) 

A redefinition of the phase ^ and the variables a',/3' 
proves ((79)) . 



From (l68l) we have 



APPENDIX B: INVARIANT COUPLINGS 
FOR TWO LEPTON FAMILIES, DETAILS 



(B.6) 



Together with (|B.4p we get 



(U^U^rC^iU^*U^)-C^. (B.7) 

From (jB.7p . ([75)1 and (175)) we see that we have only the 
possibilities 

(I) U^^^ and C/['^ both of type (a), or 

(II) C/jj'^ and both of type (b). 
Consider first (I), then we have the ansatz (see ()75)) ) 



In this appendix we discuss the structure of the lepton- 
Higgs coupling ()90p requiring invariance under all four 

We 



>(") 

9,3 ■ 



transformations CVf, CP^*V> CP^"2 and CP 
split the discussion according to the different possibili- 
ties for the lepton masses in the following subsections. 



and ()B.4p gives 



(B., 



(B.9) 



1. The case of different non- vanishing masses 



Inserting (jB.Sp in ()B.9p gives 



In this subsection we discuss the structure of the 
lepton-Higgs coupling requiring invariance under all four 
transformations CVf, CP^"i\ CP^*!,^ and CP^'^ the 
case 



4 2 



>o, 



>0, 



^12 



(1) . 

/3 ' 



(B.l) 



see ([5^ . We have to see if matrices u'^ and U^'^ of type 
(a) (see (1751) ) or type (b) (see (HH])) can be found such 
that (|9T)) can be satisfied. 

Let us first note that the diagonal form for C^"* (|68)) 
still allows one to redefine laR and {iyaL,laL)^ for given 
a by multiplication with an arbitrary phase factor. If 

(2) 

Cj23 7^ 0, we can use this to require, without loss of 
generality, 



(2) 

Alternatively, if C^^^ ^ 0, we can use the above freedom 
of phase factors to require without loss of generality 



a. The symmetry CP^ 



(B.IO) 



which is not possible if ()B.ip holds. 

Thus we are left with possibility (II), and we can make 
the ansatz (see d79t ') 



\PR -Otji^ 

^ \Pl -all 



where 



(B.2) f3R>0, Pl>0, 

\aR\^+l3l = l, 
\aL\' + f3l^l. 

(B 3) From ()B.4p we get now 
which gives 



(B.ll) 



(B.12) 



(B.13) 



Now we impose CP^"2'' symmetry. With Wji — Sji (see 



Tab. m we get from (jOT)) 



(0T^(2)* j^(0* _ ^(2) 



c 



(B.4) 
(B.5) 



(B.14) 
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With (jB.l[) we see that the equahty of the diagonal ma- 
trix elements in (|B.14p can only be fulfilled if 

\aR\ = \aL\ . (B.15) 

But this implies from (|B.12p 

/3fl, = f3L , (B.16) 

and looking now at the off-diagonal matrix elements in 
(|RT4| we get, due to c[l^ ^ c[l\ 

Pr=Pl= 0, (B.17) 



which implies \aii\ — \aL\ = 1- Inserting this in (jB.lip 
we see the (|B.13p can only be solved if 



b. The symmetry CP^"l 

Now we impose in addition to CP^ 2 the symmetry 
CV^g2- That is, we look for solutions of (pij) with Wji = 
cr^j ; see Tab. HI We get then the conditions 



(B.25) 
(B.26) 



where we already used C^^"'' = C^''^* , j — 1, 2. Note that 
with (|B.6p . (jB.4|l is equivalent t o (|B.25jl . T herefo re, we 
can take over all the results from (|B.4ll up to (jB.18|l . Also 
here J/jj''' and t/j^'"* must be both of type (a) or both of 
type (b). Only type (b) is possible and we must have 



2'«2 \ 

e'i^l ' 



(B.18) 







(B.27) 



Turning now to Cp'' we find from (|B.5|) 
Inserting here (|B.18|) we find 



(B.19) 



(B.20) 



From (|B.20p we see immediately that we must have 



^(2)* _ ^(2) 

^; 22 ~ ^122 ^ 

^(2)* _ ^(2) 



If Cl^l 7^ we can impose cj^^l > 0; see (IB:2|) . Then 
(|B.20p can only be fulfilled for e*^^ = e*^^ and this implies 

(B.22) 



^(2)* _ ^(2) 
"-";32 — '-'(32 



If C;^32 7^ we can use (jB.3p and come to the conclusion 



From (|B.26p we get now 



(B.28) 



from which follows that 



I 22 ^1 ■^'i 



I 23 



y '-'132 ^ ^133/ 



'-^i22'' ^^123^ 
(7(2) i£,2 (7(2) pi£,3 



(B.29) 



This gives immediately as a necessary condition for 
(|R29| to be solvable 



-^(2) _ n 

'-'i22 — U ' 
^i*'33 ^ • 



(B.30) 



(B.21) Setting 



(B.31) 

in (|B.27P and (|B.29p . we see that (|B.30p is also suflicient 
for (|B.28P and thus (|B.25p and (|B.26p to have a solution. 

The result of this section is that CPg"2'' ^'^'^ CP^"]^ to- 
gether can be implemented as symmetries of J^Y\ik,i if 

(21 

and only if C; is off-diagonal: 



^(2)* _ ^(2) 
'-'i23 ~ '-"(23 ■ 



(B.23) 



To summarise: we find as necessary condition for the 

leptonic Yukawa coupling ([90)1 to allow for a CPg*2 sym- 

(2) . . ' 

metry that is a real matrix. 



(B.24) 



It is easy to see that (|B.24p is also sufficient for CP'-"'' 



3,2 



invariance. We just have to set ^2 = ^3 in (|B.18p and 
(ICT)) . 

In the following the CPg*2 symmetry condition (|B.24p 
will be supposed to hold. 



(2) 



^",^23 



and real. We shall impose this condition in the following. 



(i) 



c. The symmetry CP 



From (pij) we get here with W = e (see Tab. H]) and 



U)* _ (jU) 



t;«T^(l)^(/)*^^(2)^ 



(1) 



(B.33) 
(B.34) 
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From these we get 

Furthermore, we find from (|B.33p 



-c, 



(1) 



detC, 



(2) 



(1) 



from which we get 



^(2) 



detC, 



4 2 H?, 



(B.35) 
(B.36) 

(B.37) 



Therefore we have C;23 7^ and shaU use in the following 
the phase choice Cf^i > 0; see (|B.2[) . 



Looking now at (ffS)) and ((79|) we see that (|B.35|) can 
only be satisfied if 

(I) is of type (a) and U^^ is of type (b), or 

(II) U^^ is of type (b) and f/^ is of type (a). 
We start with case (I), where we have to set 



U 



(0 



1' 

-1 0, 



u 



(I) _ f a P 
1/3 ~o* 



/3>0, \a\^ + (3^ 



From (|R33)) and ((RSil) we find 



from which follows that 





Ci 32 a C; 32 /3 



(B.38) 
1 . 

(B.39) 
(B.40) 

(B.41) 



From (|B.36[) and (|B.4ip we see that we must have 



/3 = 0, |a| = l, 

^7(2) _ pi(CR-€L)^„(l) 

^; 23 ~ " 4 3 ' 



(B.42) 
(B.43) 
(B.44) 

(B.45) 

Since also C;*-32 must be real; see (|B.24p . we get from 
(|R44)) that also 

e'(C«-€i.)Q,* = ±1 (B.46) 
must hold. There are four solutions to (jB.45P and (jB.46P : 



With (jBll) and (fR2ll (|R43ll implies 



a 
a 
a 
a 



a 
a 
-a 
-a 



(B.47a) 
(B.47b) 
(B.47c) 
(B.47d) 



The corresponding solutions of (|B.4ip are as follows. 
From (|B.47ap and (|B.47b| we get 



(2) 



c 

H2 



(1)^ 

7 3 



U 



(0 



Hr 



1' 

-1 0, 



1 



\0 -1^ 

From (|B.47cP and (|B.47d| we get 



(B.48) 



(2) 



c 

'^12 



(1)^ 
!3 



1' 

-1 0, 



Turning to case (II) we have the ansatz 



(B.49) 



From (|R33)) and fRSil) we get 



(B.50) 
(B.51) 

(B.52) 



from which we find 



^^(2) ^^(2)^ 

' %) , A^f\ ■ (B.53) 



~'^* 32 C*; 23 

Using (|R36)) and (|b:2|1 we find from (|R53l) 

/3 = 0, |a| = l; 

(^(2) _ „^(?i,-?h)„* 

"-^Z 23 ~ ^ " 2 ' 

Complex conjugation in (|B.55P gives 



(B.54) 
(B.55) 



(2) ^ ^»(?H-?L)Q,g(l) 



/ 23 



;2 ' 



(2) _ Ain-U)^* g(l) 



^/32 — S 



(B.56) 



Apart from the exchange of cj^^ and clg' (|B.56p is identi- 



cal to (lR43l) and (jRiill . Thus we find that (IR56|) only 
has solutions if a and exp \ i{^L ~ Cfl)] are equal to one 
of the four cases shown in (jB 47p . 
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From l|B.47aP and (|B.47bp we get here 



For Cp^ as in (|R49)) we set 



u 



(0 _ 




From (|B.47cj) and ()B.47dp we get here 



(B.57) 



For Cp^ as in (|R57)) we set 



For as in (jB.58|) we set 



(B.62) 



(B.63) 



(2) 




Up —a . 



U 



(0 



(B.64) 



U 



(0 - 



u 



(0 ^ 



1 0' 
,0 1, 




(B.58) 



(2) 



This completes the proof that for all cases of Cj 
listed in Tab. lIIII we can implement all symmetries CP^*\\ 
CP'g^, and CP^'^. As we have shown, no other 

form of Cp' allows this to happen if ((92|) holds for C^^K 



(a) 

We see that requiring the symmetries CP^ 2 i CP 



,(m) 
9,1 



and CP^'' to hold leads to only four distinct possibilities 

for as shown in (iRlSl) . ^BAdh . (lR57l) and ((R58ll 
and Tab. IIIII Of course, all this applies only under the 
condition that (|92p holds. It remains to be seen if these 
four cases also allow for the implementation of the CP^ 3 
symmetry. 



d. The symmetry CP'^^^l 
Here we have to look for solutions of ((9T|l setting Wj,, 



crjj; see Tab. HI This gives with Cj 

(;)T^(2) jM)> 



0> 



U) 



(2) 

(1) 



From this we get 



(B.59) 



(B.60) 



which shows that both, J/jj'-* and U^l\ have to be of type 
(a) as in ((78)) or of type (b) as in ([79]) . We have already 
fou nd th at can be only as in (|R48|, ([RIQ]) . (|B37!) 
or (IB.58P . It is easy to see that none of these cases allows 



for a solution of (|B.59P if U^^^ and J7|'^ are of type (a). 



r(0 



If both [/jj'^ and U'j^' are of type (b) we have solutions in 

all four cases. For Cp'' as in (|B.48p we get a solution of 
(|B.59|1 setting 



(B.61) 



2. The equal mass case 



Here we suppose 



to hold. We have then 



(B.65) 



(B.66) 



('2'1 

in ([90| . We want to find the general structure of Cj 
compatible with invariance under all four CP transfor- 
mations. 

We start with the CP^,'-' symmetry which requires ([9T|) 
to hold with Wji = £ji; see Tab.]!] This leads to 



U'r' ' c, 



u 



-[y 12 . 



(B.67) 
(B.68) 



From (|B.67|1 we see that C} /ci2 is a unitary ma- 
trix. Therefore we can make a basis change of laR and 
{vaL^lah)^ in order to diagonalise Cp'' . Indeed, consider 
the basis change 




with V e C/(2): 
This leads to 



L2 • 



1,2. 



(B.69) 

(B.70) 
(B.71) 
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With a suitable V we can achieve 



Here we get from (jB.67[) and (|B.68p 



(2) _ ^(1) ( e"'2 
e*''^' 



I ~ '^12 



(B.72) 



with ?72 and 773 real. Note that the transformation (jB.7ip 



does not affect C,^^^ of (IrM)) . 

Taking the complex conjugate of (|B.68p and inserting 

Cf ^ from (|R67)) we get 

(C^fl U^R*? {U^L * C^f ) = -I2 . (B.73) 
This shows that there are only two possibilities: 

(I) L/jj'^ of type (a); see and f/|'' of type (b), see 
d^, or 

(II) C/j^^ of type (b) and C/|'^ of type (a). 
We start by considering case (I) where we have the ansatz 



1 



^-1 Oj 



C/r I - 1 , /3>0, |ar + /3^ = l 



From (|R67l) and (|R72)) we get then 



-1 



yi 

It follows that 



a = 0, l3=l, 



(B.74) 

(B.75) 
(B.76) 

(B.77) 

(B.78) 
(B.79) 



Thus we find here the following solution of (jB.67p and 
(EMI: 



Ai(2) _ (1) iri2 



1 

,0 -1, 



(B.80) 



(B.81) 

Turning now to case (II) we have to make the ansatz 



(B.82) 
(B.83) 
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from which follows that 



.(1) [/(0T^_c(2) f^(0 



-e*''^ 
1/3 -a*/ U*''^ 



(B.84) 



(B.85) 



This can only be fulfilled if 



a = 0, /3 = 1 , 



(B. 



Inserting this in (jB.72p we find that cf^ must again have 
the form (|B.80p . and then (|B.84p is solved with 



(B.87) 



Thus, CP^*-* invariance now fixes C^^* to be of the form 

(|R80)) . We shall next impose CP;"2 invariance. From 
((9T|) we find then with W}i = the conditions 



I2, 



From (|B.88p we get immediately 



Inserting this in (jB.89p we get 



We can have two cases. 
(I) of type (a); see 



(B.88) 
(B.89) 

(B.90) 

(B.91) 



Inserting this in (|B.9ip gives 

e^"'^ = -1 



(B.92) 

(B.93) 
(B.94) 



(II) U^l' of type (b); see 



jH) ^ g»a ( " P 
^ \13 -a* 



m'=e^^- 1: 1 , /3>0, |«|2 + /32 = 1. 



Now (|B.9ip gives 



-/5 a* / 1/3 a* , 



(B.95) 



(B.96) 
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(^p(«) 


CP 


(ii) 
9,3 




[/« = t/(;' 


u^^ 




a' 


e 


a-" 


12 




a' 


-a' 


12 




I2 


ia^ 


12 




I2 




12 



TABLE VI: Matrices (7^'' and Uf' solving (El for the allowed 
forms of (IB.101|I . for the symmetries CP^'^' and CP*'!- 



from which we get 



(l + e"^^''^)/3 = 0, 



(1 



-22772 



)a = 0. 



(B.97) 
(B.98) 



The solutions of (|B.97|) and (|B.98|) and are as follows. 
For a 7^ we get 



e 

(3^0 



= 1, 

\a\ = 



1 . (B.99) 
For a = we must have /? 7^ 0; see (jB.95l) . and we get 



a = 0, f3=l. (B.lOO) 

In summary: we see from (IB.SOp . (|B.94p . (|B.99I) and 

(|B.100|) that imposition of the CP^'^ and CP^^a' symme- 
(2) 

tries requires C; to be of one of the following forms: 



in (|68p . In fact, we shall start here from the more general 
case 



4 2 



>o, 



c|^) > 



(B.103) 



and prescribe matrices C/jj'"* and C/]^'"' for the leptons for 



our four CP symmetries as shown in Tab. II VI We require 
([gi]) to hold with the matrices of Tab. |TV]for aU four CPg 
symmetries. 



We start with CP^'^^ = CPs 



From (Ell) and Tab. ITV] 



we get here 



(!)■ 
(2)' 



(1) 
I 

(2) 



(B.104) 



(2) 

Thus Cj is constrained to be a real matrix. Requiring 
now also CP'^j' invariance we get from ([OT]) and Tab. IIVI 



(B.105) 
(B.106) 




It follows that 



4 2 



0, 



^(2) _ ^(2) _ 
'-'i 32 — 33 ~ " ■ 



(B.107) 

(B.108) 



Thus, a massless lepton I2 which is implied by (|B.107p is 
here a consequence of our ansatz for the CP^ \' symmetry. 

The next symmetry to consider is CP^'-* where we get 
from and Tab. ITV] 



^(2) _ Jl) ^3 



(2) _ . .(1) , 



(2) 



4 2 



(B.lOla) 
(B.lOlb) 
(B.lOlc) 
(B.lOld) 

For all these cases we can also implement CP^"]^ and 
CPg*3 invariance transformations. That is, we can al- 
ways find appropriate t/jj'' and [/|''' solving (pij) with 

l^j, = a% and T^j, = 4 for CP^^\^ and CP^"^. respec- 
tively; see Tab. HI We list the corresponding matrices in 
Tab.lVIl 



3. The massive plus massless case 

Here we discuss the case that we have one massive and 
one massless lepton; that is, we suppose 



„(i) 



0, 



43 



> 



(B.102) 





It follows that 



Cf ^ . (B.109) 



(B.llO) 



The remaining relations for the CP^'-* and CP^^g sym- 
metries following from (PTjl and Tab. IIVI are easily seen 
to hold if (|B.107P and (jB.llOp are true. 

Now we give a general discussion of the case one mass- 
less and one massive lepton. That is, we suppose (|B.102p 

to hold and impose invariance under CP^*', CP^"]^, CP^"'' 



and CP 



3,3 ■ 



9,2 



We start with CP^*'' where we look for matrices U^^'' 
and U^j^^ such that 



jj{l)T ^(1)* jjil)* ^ ^(2) 



jjWT^ rrC^)* - 



'I 



(1) 



(B.lll) 
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See (HI]) and Tab. H From (|B.111|) we get 



'fl, -i^; y-L (B.112) 
This shows that we have only two possibihties, 

(I) C/jj'^ of type (a), see dZH]), and of type (b), see 



urn, or 

(II) C/jj'^ of type (b) and C/|'^ of type (a) 
For the case (I) we have the ansatz 



always be implemented for Cp'' of (jB.llSp or (jB.llSp . 
Thus, these symmetries give no further restrictions for 

(2) 

C; . However, if we require the absence of FCNCs we 
must have a = in (jB.llsp and (jB.llSp . Then we have 
(3=1, and we are led to the unique form 



-1 0' 
0, 



(B.119) 



entering in the coupling (|102p . 



1 



^-1 oy ' 



(B.113) 



From (jB.llip we get here 



(^(2) ^ jj(OT^(l)* 
/ R I L 







(B.114) 



That is, with C; from (|B.114p we have GFy invariance. 
The phase factor exp[i(^fl: — ^l)] can be absorbed in the 
definition of the field hnix). Thus, the only independent 
solutions are here 



For the case (II) we have the ansatz 



, /3>0, = 1 



.(3 -a* 



From (jB.llip we get here 



a* 0, 



(B.116) 



(B.117) 



Absorbing the phase factor exp[i(^i^ — ^l)] in the defini- 
tion of the doublet fields {v2l{x), hhix))"^ we get here 
the independent solutions as follows: 



APPENDIX C: INVARIANT COUPLINGS 
FOR TWO QUARK FAMILIES, DETAILS 



Here we study the Yukawa coupling ^vuk.g (|110p sup- 
posing 



4^2 >0, c«>0 



(C.l) 



and prescribing the matrices U^^^^ and U^j^^ for the CPg 
transformations of the quark fields (see ((73|) ) as follows: 

(C.2) 



Tj(d) _ tt(1) 
R — ^ R ' 

= c/f . 



(C.3) 



Here U^^ and C/|'^ are as in Tab. |TVl Note that the 
ansatz (jC.2p refers to the o?^^ fields and (jC.3p to the 
fields {uaL.d'^^)^ . 

Without loss of generality we may suppose Cg^"* to be of 
(B 115) ^"^^ form ((70)) and ((7T|) . Imposing now CPg"]^* invariance 
we find from ^ with Wji = cr^i (see Tab. |J) 



Inserting here U^^^^ and according to (|C.2p . (jC.Sp 

and Tab. llVlwe get 

(-a3)C(i) = , 

from which follows that 



(C.5) 



c 



(1) 

ci3 , 



c' 



(1) 



and 



-^22 0^2 -'^23Crf3 
V32C^2 ^^33 0^3 , 



1/22 Crf 2 1^23 0^3 



• (C.7) 



.(2) _ (1) I -(3 



a* 0, 



(B.118) 



Thus we find that C Pj^'-* sym metry requires to be 
of the form (jB.llSp or (jB.llSp . Turning now to the sym- 
metries CPg\\ CPg 2 ^nd CPg 3 we find that they can 



With ([aT]) we get 



1^23 = , 



which implies from (j7ip 

V22 = V33 = 1 , 



(C.8) 
(C.9) 
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Inserting this in (|C.7p gives 



0. 



Thus our symmetry requires a massless c?2-quark 



We have for C/|"'' and Vj^', U)^' only the possi- 

bihties (I) and (II) of (|B.113|1 and (|BTll6p . respectively, 
(C.IO) with a = and = ^l- We have to check for the result- 
ing four cases if we can then fulfil (IC.17[) or, equivalently, 
with V = V* (see ^) 



(d) fj{u) 



(1) "0 n 



(C.ll) 



The analysis of the remaining symmetry requirements 
runs now along exactly the same lines as for the leptons 
in section |B1 The result is that our principle of maximal 
CP symmetry with the ansatz (|C.2|) and (jC.3p for the 
matrices U^Jp and u'f^^ requires 



= 



\ 

, 0, 



(C.12) 



Finally, we make some remarks on the general analysis 
for the case of one massless quark pair (u2, c?2) and one 
massive pair {u^, d^). That is, we suppose 



0, 



^d2 



= 0, 



(C.13) 



vu 



(C.18) 



For both, U^^>, up and U}^> , Up , of the type (IBTTsI) 
with a = and — we have 



(u) 



(u) 
L 

id) 



(C.19) 



Then (jC.lSp can only be fulfilled in two cases. The 
first solution is 



1? 



0, 



implying 

The second solution is 



(C.20) 



(C.21) 



As for the lepton sector, we can show that the principle 
of maximal CP invariance together with the requirement 
of absence of FCNCs leads to the following structure of 
the quark-Higgs coupling matrices (see (|B.119p ): 



implying 



Tl/2, 



(C.22) 



^9 





,0 r 



u3 J 



^u3 



,0 c 







0, 







(1) 

d3. 



0, 



(C.14) 



(C.15) 



V 



^ '-' R 



(C.23) 



For both, U^j^\ C/[") and U^^\ U^^\ of the type (|B.116I) 
with a ^ and — we have 



(") _ _i 
R — e cr 



U 



(u) 



(C.24) 



(7") 

Here Q"' are the CKM rotated matrices according to 
(I113p . From the discussion of the lepton case (see 
(|B.llip ff) we see that CP^*-* invariance is implementable 
for (|C.14p and (jC.lSp only with certain matrices 



J/r"'' in ([73ll and certain CKM rotated matrices U 



id) 
R ' 



l"-^ for the CKM rotated fields in ifTTTj) . Here we have 



according to 



) = yt ijid) y* 



(u) 



' R 

yt [/(") 



V* 



(C.16) 

(C.17) 



Inserting this in (jC.lSp we find 



(C.25) 



but no restriction on 1). We get then from (|C.16p 



U^R = 



sin2i9 cos2i? 
, cos 2t? — sin 2-& , 



(C.26) 



For the remaining cases, J7r"\ C/I"' according to 



(|B.113P and f7]j'^\ C/j,"^ according to (|B.116p . or vice 
versa, there is no solution of (jC.lSp possible. 
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Thus we see that, strictly speaking, the principle of 
maximal CP invariance plus absence of FCNCs gives no 
restriction on the angle d in the 2-3 sector of the CKM 
matrix. But perhaps we can argue that also the right- 
handed quarks Ua r, d'^ ^ should belong to some multiplet 
of a bigger gauge group as would be possible in grand 
unified scenarios. Then a natural requirement could be 
f/jj") = Ur^- From ^^?m and ((C:23l) as well as (lc:24l) 
and (|C.26|) we see that we have then only the solution 
■d = Q leading to F = l2- 













D 


w 


Ur = Ur = 


Ur 


Ul =Ul 




e 


— e 














-l2 


■ri{") 

^3 


a' 









TABLE VII: The matrices for the transformations of the 
Higgs fields and of the second and the third generation 
fermions under the discrete symmetries D'*', Dj"', and Dg"'. 



APPENDIX D: CPg INVARIANCES AND 
CONVENTIONAL DISCRETE SYMMETRIES 

In section [5] we have presented our final result for the 
Yukawa coupling term being compatible with the princi- 
ple of maximal CP invariance; see (|120p . There we have 
also summarised the transformations corresponding to 
the invariances CVf to CPj^g^ see Tab. |Vl We discuss 
now briefly the relation of these results to conventional 
discrete symmetries. 

Instead of the CP^'\ CP^^\\ CPjj^and Gvfl invari- 
ances we can also consider the standard CP transforma- 



and for the second and third fermion families 



tion CP 



(»)_ 

3,2 = 



CP, and the transformations 



dW = CP^')oCP,, 



Df ' = CP 



9,1 



(D.l) 



D 



CP^^2 ° CP, 



la nix) 

UaL{x)\ 
^daL{x) j 

UaRix) 

da nix) 



U 



;(0 

Lap 



Vp L (x) 
Ji3l{x) ^ 

(npLix)' 

URaP UpRix), 
URaP dpR{x) , 



(D.4) 



Q!,/3 e {2,3}. Here the matrices W and U are given in 
Tab.lvni 



The transformations (jD.l[) imply for the first generation 
fermions from (j6ip a sign change 




For the Higgs fields we get, generically. 



(D.2) 



(D.3) 



Clearly, imposing the invariances CP''^ to CP|,"2 with 



the transformations specified in 



Tab.|V| 



is equivalent to 



imposing CPg plus the discrete invariances d(*) to d1") 



as specified in Tab. IVIII But in our opinion the latter 
procedure would be completely ad hoc. We could give no 
physical argument for considering just the specific trans- 
formations shown above for the Higgs fields, the first, 
the second and the third fermion families. Why would 
we group the second and third families together? On the 
other hand, we hope to have shown in the main text of 
this paper that the principle of maximal CP invariance 
provides us with a clear physical argument to single out 
the form of the Higgs potential (P7)) and of the Yukawa 
couphng term (|120p . 
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